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Model-independent reconstruction of smooth electron density profiles from reflectivity data
of liquid surfaces
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A smoothed groove-tracking method~SGTM! is developed for the construction of the electron density
profiles of liquid surfaces from reflectivity data. This work is based on improving the groove-tracking method
~GTM! previously published by one of us~X.-L. Zhou! @X.-L. Zhou and S. H. Chen, Phys. Rev. E47, 3174
~1993!# by imposing the requirement that the electron density profile be smooth. Application of the method is
demonstrated on both simulated reflectivity data with model density profiles and experimental data from liquid
metal, liquid crystal, and water surfaces. Comparisons are made among results obtained by the SGTM, the
original GTM, and published model density functions for both monotonic and layered density profiles. We find
that the requirement for a smooth profile leads to more physically reasonable profiles than the often jagged,
discontinuous profiles generated by the GTM. Although model-independent methods, by their nature, cannot
yield unique density profiles and may converge to local minima, these techniques are quite useful for suggest-
ing new profiles when littlea priori information is available.@S1063-651X~97!04006-3#

PACS number~s!: 61.12.Bt, 42.25.Gy, 78.66.2w, 61.10.2i
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I. INTRODUCTION

The method of x-ray specular reflectivity has been wid
used in the last several years for probing surface struc
along the surface normal in a variety of materials@1–4#.
Unfortunately, as a consequence of both the familiar ph
problem and the finite range of angles over which reflectiv
is measured, it is not possible to directly invert the reflect
ity data in order to obtain the unique surface electron den
profile @5,6#. Typically, one fits the reflectivity data to a
assumed profile based on physical ideas, usually constru
from Gaussians, error functions, hyperbolic functions, e
however, there is no certain proof that any ‘‘best fit’’
unique and confidence in any one model is usually depen
on other physical considerations. Nevertheless, in the
several years a number of model free fitting methods h
been developed@7–11#. Although these do not necessari
resolve the ‘‘uniqueness’’ issue, Zhou and Chen@8# have
demonstrated that when there is good data in the small a
region, the relation between the physical profile and the
flectivity does contain phase information that elimina
some ambiguities in the extracted profiles.

With these considerations in mind, Zhou and Chen@8#
developed the model-independent groove-tracking met
~GTM! for obtaining a real profile from reflectivity data. I
the GTM, the density profile is first approximated by a sm
number of steps of equal width and independent height.
reflectivity for this model interface is computed, compared
the experimental data with a cost function defined in Ref.@8#
or a x2 and then the density of each step is independe

*Present address: Dept. of Physics, National Taiwan Univers
Taipei 107, Taiwan.
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varied to minimize the cost function. Successive approxim
tions are made by subdividing each step and then repea
the process while allowing the subsequent amplitudes for
narrower steps to vary. The procedure is completed as s
as the calculated cost function orx2 attains an acceptabl
value.

Figure 1 illustrates the result for applying this method
x-ray reflectivity measurements from the surface of wat
The dashed line in Fig. 1~a! represents the published physic
model@12# based on capillary wave induced Gaussian rou
ness, and the full lines illustrate the result of the GTM pr
cedure where the surface region is approximated by an
creasing number of subdivisions. By the time the width
the GTM steps are;5 Å, the fit to the reflectivity data is
very good, and the cost function does not decrease sig
cantly upon subdividing the density profile any further. Th
result is not surprising, since the smallest lengthL that can
be probed from the data is determined from the maxim
wave vector transferqz,max, where L;p/qz,max55 Å for
these data. To further divide the slices into even thin
slices~smaller thanL! to try to achieve a better fit is unjus
tified from the data and leads to no additional insight.

The physical content of the profile obtained by the GT
however, is not particularly satisfying. This problem aris
from the fact that the GTM procedure leads to a dens
profile that is made of relatively few discrete steps separa
by sizable unphysical discontinuities. In addition, it shou
be noted that as a result of the sharp discontinuities in
GTM profile, the computed reflectivity for wave vectors e
trapolated forqz.qz,max contains artificial information, in
many cases large oscillations that are due to the discre
tion scheme employed by the GTM, and not physically ju
tified. In this paper we demonstrate that both of the pro
lems, the physically unsatisfying discontinuities in the st
y,
7212 © 1997 The American Physical Society
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55 7213MODEL-INDEPENDENT RECONSTRUCTION OF SMOOTH . . .
model and the discrepancies at largeqz , can be eliminated
by requiring that the density profile be smooth.

The importance of obtaining a smooth profile has be
discussed by Pedersen and Hamley@9#. In this approach, the
density profile is parameterized using either cubic splines
a series of sine and cosine terms. The coefficients are
related to the reflectivity data and determined by constrai
nonlinear least-squares methods. In these methods, a sm
ness factor has to be inserted in the equations to help
equations converge to a meaningful solution. In fact, it
also a smoothness criterion that we propose here for
GTM method. Either of these model-independent meth
works very well in that they obtaina profile that will repre-
sent the observed reflectivity without assuming any parti
lar functional form of the density profile. Obviously, the
present a powerful method to extract meaningful informat
from any given reflectivity data and may provide useful su
gestions for new models. However, it should be pointed
that model-independent profiles are inherently nonuni
@5,6#, and there is no guarantee that these profiles, or
others, have converged to an absolute, rather than to a l
minimum.

II. SMOOTHED GROOVE-TRACKING METHOD †13‡

The mathematical basis of the GTM is discussed in de
in the work of Zhou and Chen@8#. We demonstrate here how

FIG. 1. ~a! Density profiles obtained by the GTM forN51, 2, 4,
and 8 layers~solid line! compared to the model profile of pure wat
~dashed line!. ~b! Reflectivity data for water compared with th
reflectivity computed for the profiles shown in~a!. ~c! Variation of
cost function with the number of layersN. For N.8, there is no
significant improvement in the fit to the data.
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a straightforward modification of that method can be appl
to construct a physically more appealing, smoothed pro
from the GTM.

In the GTM, the maximum thickness for the surface r
gion, where the electron density is allowed to differ from t
bulk density, is arbitrarily chosen to beDs . As a practical
matter,Ds can safely be chosen to be of the order of so
multiple of the reciprocal of 1/qc , where qc is the wave
vector corresponding to the x-ray critical angle; however
can be smaller if the reflectivity is a slowly varying functio
of qz . The surface regionDs is divided intoi51,...,N sec-
tions of thicknessDs /N, and theN values of the uniform
density$r i% within each layer are optimized be invoking
nonlinear least-squares procedure to minimize the differe
of the cost-function and/or thex2 difference between the
model reflectivityR(qz) and the measured reflectivity. If th
reflectivity nearqc is important, the theoretical reflectance
theN slices can be computed with Parratt’s recurrence re
tion @14#, but if that is not the case, the kinematical appro
mation can be applied@15#. Starting from a small value o
N the procedure is repeated with increasingN until the fit to
the measured reflectivity satisfies some goodness criteria

To illustrate the smoothed groove-tracking meth
~SGTM! consider, for example, the GTM profile for wate

FIG. 2. SGTM approach to obtain a smooth electron den
profile of a water surface from theN58 GTM fit of Fig. 1. ~a!
Outline of the procedure for fitting with the SGTM. ‘‘1s’’ refers to
the first smoothing operation, and ‘‘1s-g’’ refers to the application
of GTM to 1s ~notation similar for subsequent iterations!. By the
7th iteration, the smoothed profile is very similar to the publish
fit. ~b! Variation of the cost function with the application of th
smoothing and GTM procedures. The two converge at appr
mately the 7th iteration.
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7214 55CHOU, REGAN, PERSHAN, AND ZHOU
illustrated forN58 in Fig. 1~a!. There are many ways to
smooth any given profile; the very simple approach tha
developed and used here proceeds as follows. First, eac
the original GTM layers for the water surface is further d
vided into an arbitrary number of layers. In practice subdi
sion into 16 layers has proven practical, so that the width
each sublayer isDs /(16N). Then, the value of the electro
density in each of the sublayers$r i ,i11,m% (m51 . . . 16) is
altered by successive iterations in which the density wit
each sublayer is replaced by the average with its nea
neighbors. This smoothes the abrupt discontinuity betw
the originalN layers; however, the value of the cost-functio
and/orx2 difference between this averaged profile and
data is generally increased over the value previously
tained by the GTM process withN uniform layers. The av-
eraging iteration process is halted when the value of the
function for the smoothed profile becomes equal to or l
than the value obtained by the GTM process forN/2 uniform
layers. The value of the cost function computed for thes
profile is shown in Fig. 2~b!, and, as expected, the cons
quence of the smoothing operation is to cause the fit to
data to become worse.

In the next step, this cost function, with the averaged p
file, is again minimized by invoking the GTM procedur
allowing only theN values of$r i% to vary. Within the GTM
fitting procedure, the shape of the smoothed interface

FIG. 3. ~a! Density profiles for liquid gallium at room tempera
ture obtained by the GTM~N51, 32, and 64 layers; solid line! and
compared to the model profile~dashed line!. ~b! Reflectivity data
for Ga compared with the reflectivity computed for the profil
shown in~a!. ~c! Variation ofx2 with the number of layersN. For
N.64, there is no significant improvement in the fit to the data
s
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tween the layers is maintained by scaling the density of
sublayers$r i ,i11,m% to the varying$r i%. The best-fit profile
from this iteration is shown as ‘‘1s-g’’ in Fig. 2. The value
of the cost function, as indicated in Fig. 2~b!, is considerably
smaller than the 1s value although it is not significantly bet
ter than the starting value obtained by the GTM procedu
Note, however, that there are still small discontinuities in
1s-g profile. By iterating this procedure of smoothing an
fitting with the GTM approach, a stable, smooth profile
eventually obtained. The procedure is stopped when
change in the cost function between the fitted and smoot
profiles satisfies an arbitrarily set convergence criteria.
demonstrated in Fig. 2, after seven iterations of smooth
and using the GTM procedure, the profile for water is qu
smooth and is very similar to the published fit. It should
noted that there are a variety of smoothing procedures
could be applied, and certain smoothing procedures m
optimize the number of iterations required for the conv
gence illustrated in Fig. 2 for water. However, this was n
investigated here and is the subject of future work.

III. SGTM FOR LAYERED DENSITY PROFILES

In order to demonstrate the effectiveness of the SG
approach, we have applied it to several problems of curr
interest. The SGTM works well for simple monotonic pr

FIG. 4. SGTM approach to obtain a smooth electron den
profile for liquid Ga from theN564 GTM fit of Fig. 3. ~a! Pro-
files at different stages of the SGTM procedure. By the 18th ite
tion, the smoothed profile is very similar to the published fit.~b!
Variation of x2 with the application of the smoothing and GTM
procedures. The two converge at approximately the 16–18th it
tion.
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55 7215MODEL-INDEPENDENT RECONSTRUCTION OF SMOOTH . . .
files exhibited by simple dielectric liquid surfaces@12#, as
demonstrated in Figs. 1 and 2, but it also works simila
well on reflectivity data from layered density profiles. In th
section, SGTM fits to simulated and experimental data
presented for liquid metal surfaces~Ga and Hg! and a liquid
crystal surface. When there is layering, we show how
effectiveness of the original GTM is greatly improved wi
the SGTM procedure.

A. Liquid gallium

The liquid-vapor electron density profile of liquid gallium
has been measured at room temperature with x-ray refle
ity (qz,max53 Å21), leading to the observation of atom
layering at liquid metal surfaces@16#. Figure 3 shows the
reflectivity computed from the published model profile@16#
at room temperature, and the GTM profile forN51, 32, and
64 layers. Due to the discrete nature of the GTM approa
jagged edges and apparent kinks make it difficult to disc
the key features of the layering phenomena even though
fit to the data withN564 layers is as good as the publish
profile. Figure 4 shows the results of the successive app
tion of the SGTM to the GTM profile. By 18 iterations, th
x2 of the smoothed profile converges to that from the GT
and there is good agreement with the published profile ba
on model-dependent methods.

FIG. 5. ~a! Summary of the GTM and SGTM results for th
mercury liquid-vapor interface at room temperature. It is difficult
discern the atomic layering with the GTM profile, but the SGT
clearly demonstrates layering, converging to one of the two mo
dependent profiles for liquid Hg.~b! Reflectivity data compared to
the computed reflectivity for the model profiles in~a! illustrate that
there is excellent agreement between the data and the GTM
SGTM profiles.
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B. Liquid mercury

The SGTM has been applied successfully on experime
reflectivity data when atomic layering is present. Figure
shows the reflectivity data for the surface of liquid Hg@17# at
room temperature along with the profiles computed fro
model-dependent methods, GTM, and SGTM. In contras
liquid Ga, where the reflectivity closely follows the Fresn
theory for smallqz wave vectors, the data from the liquid H
surface shows a deviation from the Fresnel theory neaqz
;0.5–1.0 Å21, indicating additional surface structure o
the order of;5–10 Å. This feature in the data has be
considered by model-dependent methods~Fig. 5! as either
resulting from a density excess above the topmost la
leading to a density tail that extends into the vapor@17#, or
from a density deficit that exists in the topmost surface l
ers. Since these models fit the data equally well, with
supplementary information or physical reasoning it is n
possible to determine the unique profile.

The GTM can reproduce the reflectivity data, but it
difficult to observe the key features in the density profile d
to the sharp, jagged features in the steps. With the SGT
we find that the reconstructed profile is in excellent agr
ment with one of the model-dependent profiles that ha

l-

nd

FIG. 6. ~a! Density profiles obtained by the SGTM and com
pared to the model-dependent profile for a liquid crystal surface.~b!
The SGTM and model-dependent fit agree nicely with the reflec
ity data. However, in~c! it is clear that the SGTM fits the data bette
near the local minima and maxima corresponding toqz
50.20–0.23 Å21. The better fit from the SGTM approach is pe
haps due to the enlarged interlayer spacing of the topmost laye
~a! which the published, model-dependent fit does not have
flexibility to model ~as it is constructed!.
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7216 55CHOU, REGAN, PERSHAN, AND ZHOU
been constructed to fit the reflectivity. The convergence
the SGTM to one of two equally valid profiles highlights th
issue of nonuniqueness to the model-independent profi
Presumably, with a different starting profile~i.e., atN51! or
with other model-independent methods, convergence to
excess density model is also possible.

C. Liquid crystal surface

As a final example, we consider the reflectivity data fro
a liquid crystal @18#, shown in Fig. 6~b! with the model-
dependent and SGTM fits in Fig. 6~a!. From the best-fit den-
sity profiles, both the reconstructed profile and model pro
exhibit three similar peaks at similar positions. The SGT
fit to the data is slightly better, however, especially near
local minima and maxima corresponding toqz
50.20–0.23 Å21 in Fig. 6~c!. The better fit from the SGTM
approach is perhaps due to the enlarged interlayer spacin
the topmost layer that is shown in Fig. 6~a!, which the pub-
lished, model-dependent fit does not have the flexibility
model. Of course, if the model-dependent method, by
mathematical construct, had the flexibility to vary the inte
layer spacing from layer to layer as the SGTM, then its fit
the data in Fig. 6~c! would be presumably equally good.

IV. CONCLUSION

We have modified the GTM on the basic premise that
density profiles of liquid surfaces should be smooth. By it
ating a simple smoothing procedure with the GTM, we ha
obtained several smooth profiles that agree nicely with
reflectivity data and the published profiles. The applicabi
of the improved method has been demonstrated by exam
on simulated and real experimental data for simple mo
tonic and more complicated layered profiles. These exam
have also been chosen to illustrate the weaknesses o
GTM which, however, is quite useful to extract surface p
files. The SGTM approach should help further refine the p
vious GTM results. Although the scope of this work h
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included only x-ray reflectivity data, the approach is al
valid for neutron reflectivity data where the electron dens
is replaced with the neutron scattering length.

It should be noted that the SGTM and GTM procedu
lead to essentially equivalent fits to the reflectivity data o
the measuredqz range. We have chosen the smoothed p
files that result from the SGTM as the more physically a
ceptable since the sharp features in the GTM are unreali
These sharp features lead to reflectivity peaks when c
puted for extrapolated wave vectors,qz.qz,max, which are
consistent with the length scaleD imposed by the discreti-
zation procedure of the GTM. These artificial reflectivi
peaks are an artifact that lead to the immediate rejection
the GTM profile; they are not observed in the SGTM a
published model-dependent profiles. Of course, since d
have not been collected at wave vectors larger thanqz,max,
one cannot rule out that the oscillations present in the G
actually exist. But, for liquid surfaces where the density is
smooth, slowly varying function of position in the bulk liq
uid, the sharp features in the GTM are not expected.

Finally, we have not addressed the issue of uniquenes
these profiles. With either a model-dependent or mod
independent treatment of reflectivity data, there is no gu
antee that one has obtained the correct density profile@5,6#.
With the well-known phase problem, various, unrelated p
files can give rise to similar reflectivity data, and the fittin
procedure may converge to a local minimum which is n
physically correct. Typically, one can guess at the profile a
use model-dependent methods. However, a mo
independent treatment can provide suggestions for pro
when littlea priori information is available.
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