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Model-independent reconstruction of smooth electron density profiles from reflectivity data
of liquid surfaces

Chien-Heng Chod, M. J. Regan, and P. S. Pershan
Division of Engineering and Applied Sciences and Department of Physics, Harvard University, Cambridge, Massachusetts 02138

X.-L. Zhou
Department of Nuclear Engineering, 24-215, Massachusetts Institute of Technology, Cambridge, Massachusetts 02139
(Received 12 June 1996

A smoothed groove-tracking methd@GTM) is developed for the construction of the electron density
profiles of liquid surfaces from reflectivity data. This work is based on improving the groove-tracking method
(GTM) previously published by one of UX.-L. Zhou) [X.-L. Zhou and S. H. Chen, Phys. Rev.4, 3174
(1993] by imposing the requirement that the electron density profile be smooth. Application of the method is
demonstrated on both simulated reflectivity data with model density profiles and experimental data from liquid
metal, liquid crystal, and water surfaces. Comparisons are made among results obtained by the SGTM, the
original GTM, and published model density functions for both monotonic and layered density profiles. We find
that the requirement for a smooth profile leads to more physically reasonable profiles than the often jagged,
discontinuous profiles generated by the GTM. Although model-independent methods, by their nature, cannot
yield unique density profiles and may converge to local minima, these techniques are quite useful for suggest-
ing new profiles when little priori information is available[S1063-651X97)04006-3

PACS numbgs): 61.12.Bt, 42.25.Gy, 78.66w, 61.10-—i

[. INTRODUCTION varied to minimize the cost function. Successive approxima-
tions are made by subdividing each step and then repeating

The method of x-ray specular reflectivity has been widelythe process while allowing the subsequent amplitudes for the
used in the last several years for probing surface structurearrower steps to vary. The procedure is completed as soon
along the surface normal in a variety of materigls-4]. as the calculated cost function g attains an acceptable
Unfortunately, as a consequence of both the familiar phasealue.
problem and the finite range of angles over which reflectivity Figure 1 illustrates the result for applying this method to
is measured, it is not possible to directly invert the reflectiv-x-ray reflectivity measurements from the surface of water.
ity data in order to obtain the unique surface electron densitfrhe dashed line in Fig.(a) represents the published physical
profile [5,6]. Typically, one fits the reflectivity data to an model[12] based on capillary wave induced Gaussian rough-
assumed profile based on physical ideas, usually constructerbss, and the full lines illustrate the result of the GTM pro-
from Gaussians, error functions, hyperbolic functions, etc.cedure where the surface region is approximated by an in-
however, there is no certain proof that any “best fit” is creasing number of subdivisions. By the time the width of
unique and confidence in any one model is usually dependetite GTM steps are-5 A, the fit to the reflectivity data is
on other physical considerations. Nevertheless, in the lastery good, and the cost function does not decrease signifi-
several years a number of model free fitting methods haveantly upon subdividing the density profile any further. This
been developefi7—11]. Although these do not necessarily result is not surprising, since the smallest lengtthat can
resolve the “uniqueness” issue, Zhou and CH&h have be probed from the data is determined from the maximum
demonstrated that when there is good data in the small angleave vector transfeq, ma, where L~m/d, ma=5 A for
region, the relation between the physical profile and the rethese data. To further divide the slices into even thinner
flectivity does contain phase information that eliminatesslices(smaller tharL) to try to achieve a better fit is unjus-
some ambiguities in the extracted profiles. tified from the data and leads to no additional insight.

With these considerations in mind, Zhou and CH#&h The physical content of the profile obtained by the GTM,
developed the model-independent groove-tracking methobowever, is not particularly satisfying. This problem arises
(GTM) for obtaining a real profile from reflectivity data. In from the fact that the GTM procedure leads to a density
the GTM, the density profile is first approximated by a smallprofile that is made of relatively few discrete steps separated
number of steps of equal width and independent height. Thiy sizable unphysical discontinuities. In addition, it should
reflectivity for this model interface is computed, compared tobe noted that as a result of the sharp discontinuities in the
the experimental data with a cost function defined in R&f. GTM profile, the computed reflectivity for wave vectors ex-
or a x* and then the density of each step is independentlyrapolated forg,>q, max CONtains artificial information, in

many cases large oscillations that are due to the discretiza-
tion scheme employed by the GTM, and not physically jus-
*Present address: Dept. of Physics, National Taiwan Universitytified. In this paper we demonstrate that both of the prob-
Taipei 107, Taiwan. lems, the physically unsatisfying discontinuities in the step
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] ) ] FIG. 2. SGTM approach to obtain a smooth electron density
FIG. 1. (a) Density profiles obtained by the GTM fof=1, 2,4, profile of a water surface from thd=8 GTM fit of Fig. 1. (a)

and 8 layergsolid line) compared to the model profile of pure water o tjine of the procedure for fitting with the SGTM. &I refers to
(dashed ling (b) Reflectivity data for water compared with the e first smoothing operation, and $1g” refers to the application
reflectivity computed for the profiles shown a). (c) Variation of o GTM to 1s (notation similar for subsequent iteration8y the
cost function with the number of layefs. For N>8, there is N0 7tn jteration, the smoothed profile is very similar to the published
significant improvement in the fit to the data. fit. (b) Variation of the cost function with the application of the
smoothing and GTM procedures. The two converge at approxi-

model and the discrepancies at lage can be eliminated mately the 7th iteration.

by requiring that the density profile be smooth.

diszggs:an;pt;);tgggirggr?zt:énwagngef(rrno?ﬁir; zgoglrlgazﬁs trl})gena straightforward modification of that method can be applied

density profile is parameterized using either cubic splines fo construct a physically more appealing, smoothed profile

o)
a series of sine and cosine terms. The coefficients are th(—:fﬁom the GTM. . .
) In the GTM, the maximum thickness for the surface re-

related to the reflectivity data and determined by constrained. h he el densitv is all d 1o differ f h
nonlinear least-squares methods. In these methods, a smoo%gn’ where the electron density Is allowed to difter from the
ness factor has to be inserted in the equations to help thmualllt(tedregsItgér:ss:;gltr%gycﬁgg;ﬁntotobg%f' tﬁi c?rcg)é?(g;(:;l)me
equations converge to a meaningful solution. In fact, it is ulti I’e (S)f the reciyrocal of wherea. is the wave
also a smoothness criterion that we propose here for tharu'tp cIp B, nere dc ) .
GTM method. Either of these model-independent method¥ector correspo.ndlng to the; X-ray critical angle., howe""rf' I
works very well in that they obtaia profile that will repre- can be smaller if the re_flectl\_/lty sa sIc_)wa_ varying function
sent the observed reflectivity without assuming any particu;?f dz- ?:ﬁ slgrfacge:) r?gloﬁ)sdls”(]ilvl\lldedllntm :flthN iec-

lar functional form of the density profile. Obviously, they lons ot TNICKNESs/N, - an el values of the uniform

present a powerful method to extract meaningful informationdens'ty{pi} within each layer are optimized be invoking a

from any given reflectivity data and may provide useful Sug_nonImear least-squares procedure to minimize the difference

gestions for new models. However, it should be pointed oqu the cost-fgnctlon andfor the* difference betyv_een the
that model-independent profiles are inherently nonuniqugmdel,r?ﬂeCt'V'tyR(qz) and the measured.reflectlwty. If the
[5,6], and there is no guarantee that these profiles, or argﬁflectwny near. is important, the theoretical reflectance of

others, have converged to an absolute, rather than to a loc&l'€ N slices can be computed with Parratt's recurrence rela-
minimum. tion [14], but if that is not the case, the kinematical approxi-

mation can be appliefll5]. Starting from a small value of
N the procedure is repeated with increashhantil the fit to
the measured reflectivity satisfies some goodness criteria.
The mathematical basis of the GTM is discussed in detail To illustrate the smoothed groove-tracking method
in the work of Zhou and Chef8]. We demonstrate here how (SGTM) consider, for example, the GTM profile for water

Il. SMOOTHED GROOVE-TRACKING METHOD [13]



7214 CHOU, REGAN, PERSHAN, AND ZHOU 55

8 ¥ T L} L} 10 T ) T T
(o) 1 layers (o) 1s
> 2> 8 ]
'—‘(7-; - . = _/V\/\/‘ To—g
[ =
S5t 32 layers 4 S 6 i
-Z c 23
2 Bl y-y S 4
-+ rs = -
§ aye § _/k/\/\/\' gre
o 2 ] @ 2 4
blished profil / NS N T -
/\/\/\Mm . ——— published fit 18s—9
-5 0 5 10 15 20 -5 0 5 10 15 20
z (R) z (R)
T r 70 — ] T T T
100 h S
102k © ® @ ] » )
RV 1 50 | -
2 - 20 . . thing operation
= 107 0 ] ~ o ?;"I!‘Mooof";?nogthed profile
3 0 5 100 4 =30} -
E% 1078 _ layers (No.)
| ‘»;.»,;;;:_ 10} A
-8 PR | -
et Al l WA
- -—-64 onerf . . , . . . 18s—g
0.5 1.0 15 20 25 30 0 5 10 15 20
q, (A7 iteration (No.)
z

FIG. 4. SGTM approach to obtain a smooth electron density
profile for liquid Ga from theN=64 GTM fit of Fig. 3. (a) Pro-
files at different stages of the SGTM procedure. By the 18th itera-
tion, the smoothed profile is very similar to the published (fi.
Variation of y? with the application of the smoothing and GTM
procedures. The two converge at approximately the 16—18th itera-
tion.

FIG. 3. (a) Density profiles for liquid gallium at room tempera-
ture obtained by the GTMN=1, 32, and 64 layers; solid linend
compared to the model profilglashed ling (b) Reflectivity data
for Ga compared with the reflectivity computed for the profiles
shown in(a). (c) Variation of y? with the number of layersl. For
N>64, there is no significant improvement in the fit to the data.

illustrated forN=8 in Fig. 1(a). There are many ways to tween the layers is maintained by scaling the density of the
smooth any given profile; the very simple approach that issublayers{p; ;1 m} to the varying{p;}. The best-fit profile
developed and used here proceeds as follows. First, each ibm this iteration is shown as “4-g” in Fig. 2. The value

the original GTM layers for the water surface is further di- of the cost function, as indicated in Figli, is considerably
vided into an arbitrary number of layers. In practice subdivi-smaller than the 4 value although it is not significantly bet-
sion into 16 layers has proven practical, so that the width ofer than the starting value obtained by the GTM procedure.
each sublayer i®¢/(16N). Then, the value of the electron Note, however, that there are still small discontinuities in the
density in each of the sublayefp; ;1m} (M=1...16) is 1s-g profile. By iterating this procedure of smoothing and
altered by successive iterations in which the density withirfitting with the GTM approach, a stable, smooth profile is
each sublayer is replaced by the average with its nearesientually obtained. The procedure is stopped when the
neighbors. This smoothes the abrupt discontinuity betweeghange in the cost function between the fitted and smoothed
the originalN layers; however, the value of the cost-function profiles satisfies an arbitrarily set convergence criteria. As
and/or x? difference between this averaged profile and thedemonstrated in Fig. 2, after seven iterations of smoothing
data is generally increased over the value previously oband using the GTM procedure, the profile for water is quite
tained by the GTM process witN uniform layers. The av- smooth and is very similar to the published fit. It should be
eraging iteration process is halted when the value of the cosioted that there are a variety of smoothing procedures that
function for the smoothed profile becomes equal to or lessould be applied, and certain smoothing procedures might
than the value obtained by the GTM processNid2 uniform  optimize the number of iterations required for the conver-
layers. The value of the cost function computed for tlse 1 gence illustrated in Fig. 2 for water. However, this was not
profile is shown in Fig. &), and, as expected, the conse- investigated here and is the subject of future work.

guence of the smoothing operation is to cause the fit to the
data to become worse.

In the next step, this cost function, with the averaged pro-
file, is again minimized by invoking the GTM procedure, In order to demonstrate the effectiveness of the SGTM
allowing only theN values of{p;} to vary. Within the GTM  approach, we have applied it to several problems of current
fitting procedure, the shape of the smoothed interface benterest. The SGTM works well for simple monotonic pro-

Ill. SGTM FOR LAYERED DENSITY PROFILES
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FIG. 5. (@) Summary of the GTM and SGTM results for the
mercury liquid-vapor interface at room temperature. It is difficutto ~ FIG. 6. (a) Density profiles obtained by the SGTM and com-
discern the atomic layering with the GTM profile, but the SGTM Pared to the model-dependent profile for a liquid crystal surfdme.
clearly demonstrates layering, converging to one of the two modelThe SGTM and model-dependent fit agree nicely with the reflectiv-
dependent profiles for liquid Hdb) Reflectivity data compared to ity data. However, irfc) it is clear that the SGTM fits the data better
the computed reflectivity for the model profiles(@ illustrate that ~near the local minima and maxima corresponding dQ

there is excellent agreement between the data and the GTM arid0-20—0.23 A'*. The better fit from the SGTM approach is per-
SGTM profiles. haps due to the enlarged interlayer spacing of the topmost layer in

(a) which the published, model-dependent fit does not have the
files exhibited by simple dielectric liquid surfac€s2], as flexibility to model (as it is constructed
demonstrated in Figs. 1 and 2, but it also works similarly
well on reflectivity data from layered density profiles. In this B. Liquid mercury
section, SGTM flt_s to simulated and experimental .da¥a ar® The SGTM has been applied successfully on experimental
preserlned Ior Ilqwdhmetral surfacléGa and Hg a”ﬁ a “ﬂ“'d H reflectivity data when atomic layering is present. Figure 5
crystal surface. When there is layering, we show how the,q\s the reflectivity data for the surface of liquid Fg] at
effectiveness of the original GTM is greatly improved with oo temperature along with the profiles computed from

the SGTM procedure. model-dependent methods, GTM, and SGTM. In contrast to
iquid aall liquid Ga, where the reflectivity closely follows the Fresnel
A. Liquid gallium theory for smallg, wave vectors, the data from the liquid Hg

The liquid-vapor electron density profile of liquid gallium surface shows a deviation from the Fresnel theory mgar
has been measured at room temperature with x-ray reflectiv-0.5—1.0 A™*, indicating additional surface structure on
ity (dzma=3 A1), leading to the observation of atomic the order of~5-10 A. This feature in the data has been
layering at liquid metal surfacgd6]. Figure 3 shows the considered by model-dependent methdBiy. 5 as either
reflectivity computed from the published model profils] resulting from a density excess above the topmost layer,
at room temperature, and the GTM profile fé=1, 32, and leading to a density tail that extends into the vapbf], or
64 layers. Due to the discrete nature of the GTM approachfrom a density deficit that exists in the topmost surface lay-
jagged edges and apparent kinks make it difficult to discermers. Since these models fit the data equally well, without
the key features of the layering phenomena even though theupplementary information or physical reasoning it is not
fit to the data withN= 64 layers is as good as the published possible to determine the unique profile.
profile. Figure 4 shows the results of the successive applica- The GTM can reproduce the reflectivity data, but it is
tion of the SGTM to the GTM profile. By 18 iterations, the difficult to observe the key features in the density profile due
x? of the smoothed profile converges to that from the GTM,to the sharp, jagged features in the steps. With the SGTM,
and there is good agreement with the published profile basede find that the reconstructed profile is in excellent agree-
on model-dependent methods. ment with one of the model-dependent profiles that have
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been constructed to fit the reflectivity. The convergence ofncluded only x-ray reflectivity data, the approach is also
the SGTM to one of two equally valid profiles highlights the valid for neutron reflectivity data where the electron density
issue of nonunigueness to the model-independent profiless replaced with the neutron scattering length.

Presumably, with a different starting profiliee., atN=1) or It should be noted that the SGTM and GTM procedures
with other model-independent methods, convergence to thigad to essentially equivalent fits to the reflectivity data over
excess density model is also possible. the measured;, range. We have chosen the smoothed pro-
files that result from the SGTM as the more physically ac-
C. Liquid crystal surface ceptable since the sharp features in the GTM are unrealistic.

] ) o These sharp features lead to reflectivity peaks when com-
As a final example, we consider the reflectivity data fromputed for extrapolated wave vectom,™ ), max, Which are

a liquid crystal[18], shown in Fig. @) with the model-  qngistent with the length scalz imposed by the discreti-
dependent and SGTM fits in Fig(&. From the best-fit den- ;461 procedure of the GTM. These artificial reflectivity

sity profiles, both the reconstructed profile and model proﬁlepeakS are an artifact that lead to the immediate rejection of
exhibit three similar peaks at similar positions. The SGTMihe GTM profile; they are not observed in the SGTM and
fit to the data is slightly better, however, especially near the, plished model-dependent profiles. Of course, since data
local ~ minima ) and maxima corresponding 1@,  haye not been collected at wave vectors larger AR
=0.20-0.23 A" in Fig. 6(c). The better fit from the SGTM e cannot rule out that the oscillations present in the GTM
approach is perhaps due to the enlarged interlayer spacing gt ally exist. But, for liquid surfaces where the density is a
the topmost layer that is shown in Figah which the pub-  g60th, slowly varying function of position in the bulk lig-
lished, model-dependent fit does not have the flexibility toyid, the sharp features in the GTM are not expected.
model. Of course, if the model-dependent method, by its  Fijnally, we have not addressed the issue of uniqueness in
mathematical construct, had the flexibility to vary the inter-iyaqe profiles. With either a model-dependent or model-
layer spacing from layer to layer as the SGTM, then its fit toj,gependent treatment of reflectivity data, there is no guar-
the data in Fig. &) would be presumably equally good.  gntee that one has obtained the correct density pridif.
With the well-known phase problem, various, unrelated pro-
IV. CONCLUSION files can give rise to similar reflectivity data, and the fitting

We have modified the GTM on the basic premise that thé:)rocgdure may converge to a local minimum which 'is not
density profiles of liquid surfaces should be smooth. By iter_physmally correct. Typically, one can guess at the profile and
ating a simple smoothing procedure with the GTM, we have'S€ model-dependent methoo_ls. Howev_er, a moo!el-
obtained several smooth profiles that agree nicely with th ndepe_ndent treatment can pr_owde_suggestlons for profiles
reflectivity data and the published profiles. The applicabilityWhen little a priori information is available.
of the improved method has been demonstrated by examples
on simulated and real experimental data for simple mono-
tonic and more complicated layered profiles. These examples This work was supported by a grant from the National
have also been chosen to illustrate the weaknesses of tl8cience Foundation NSF-DMR-95-23440. C.H.C. acknowl-
GTM which, however, is quite useful to extract surface pro-edges support from the Republic of China and expresses ap-
files. The SGTM approach should help further refine the prepreciation to C. B. Chou of NOAA. X.L.Z. acknowledges the
vious GTM results. Although the scope of this work hassupport of the MIT Sloan Funds.
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